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1. INTRODUCTION
If k is a field and G is a finite group, then G is said to be k-admissible if
 .there exists a Galois extension Lrk such that Gal Lrk ( G and L is a
maximal subfield of a finite dimensional k-central division ring. Equiva-
lently, G is k-admissible if there is a k-division ring which is a crossed
product for G.
w xThe notion of admissibility was introduced by Schacher in 12 . A review
of some basic results of that paper provides some context for the present
work. It is familiar from Galois theory that for a given finite group G,
there exists an algebraic number field k and a Galois extension Lrk such
 .that Gal Lrk ( G. This is seen by first embedding G as a subgroup of a
symmetric group S . By Hilbert's irreducibility theorem, there is a Galoisn
 .extension LrQ with Gal LrQ ( S . Taking k to be the fixed field of G,n
 .one has Gal Lrk ( G.
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w xBy analogy, it is shown in 12 that a given finite group G is k-admissible
for some number field k. Using a local]global criterion for k-admissibility
 .Lemma 1 below , Schacher proved the existence of a number field K and
an S -extension LrK for which L is a maximal subfield of a K-divisionn
 .ring. Taking k to be the fixed field of G, one has Gal Lrk ( G and L is
a maximal subfield of a k-division ring.
If a number field k is specified in advance, then there are severe
w xrestrictions on which symmetric groups are k-admissible. Indeed, by 12 ,
the only symmetric groups S which are Q-admissible are those for whichn
 .n F 5. In fact, the only symmetric groups which are Q i -admissible are S2
w xand S 8 . More generally, Schacher's analysis of 2-subgroups is used in3
w x12 to show that for a given k, there are only finitely many k-admissible
symmetric groups. In that connection, the first author has answered a
w xquestion raised in 12 by showing that the k-admissibility of S need notN
 w x .imply the k-admissibility of S for n - N see 1 and Corollary 23 .n
It is therefore desirable to determine, for given n, the number fields k
w xsuch that S is k-admissible. By 12 , the groups S and S are k-admissi-n 2 3
ble for all number fields k; the same is true for each group having only
w xcyclic Sylow subgroups. In 9 it is shown that S , equivalently S , is4 5’k-admissible if and only if k contains two divisors of 2 or y 1 f k. For
6 F n F 11, and n s 16, 17, the number fields for which S is k-admissiblen
w xare determined in 2 .
The main results of the present paper are the following. They character-
ize the number fields k for which the symmetric groups S , S , S , and12 13 14
S are k-admissible. Here p denotes a prime of a number field k, and k15 p
denotes the p-adic completion of k. We will use p to denote any divisor of
p in a field extension of k.
THEOREM. The symmetric group S , equi¨ alently S , is k-admissible if12 13
and only if
 .i the prime 3 has at least two di¨ isors in k, and
 .ii the prime 2 has at least two di¨ isors p in k such that k /i p i’ .Q y 3 , i s 1, 2.2
THEOREM. The symmetric group S is k-admissible if and only if14
 .i the prime 3 has at least two di¨ isors in k, and
 .ii the prime 2 has at least two di¨ isors p in k such that k / Q ,i p 2i’ .Q y 3 , i s 1, 2.2
The symmetric group S is k-admissible if and only if , in addition to15
 .  .conditions i and ii , the prime 5 has at least two di¨ isors in k.
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2. PRELIMINARIES
The following lemma, due to Schacher, gives an arithmetic criterion for
admissiblity over global fields. It is the basic tool in the subject.
w xLEMMA 1 12, Prop. 4.6 . Let k be a global field and let G be a finite
group. Then G is k-admissible if and only if there exists a G-Galois extension
Lrk such that for each prime p di¨ iding the order of G, there are two primes
 .p , p of k such that the decomposition groups Gal L rk contain a Sylow1 2 p pi i
p-subgroup of G, i s 1, 2.
The proof of Lemma 1 uses the description of central simple algebras
w xover global fields by Hasse invariants, as found in 10 .
In verifying the hypotheses of Lemma 1 for symmetric groups, we rely
on the following results of Saltman, which allow us to focus solely on local
considerations. For background and terminology pertaining to generic
w xGalois extensions we refer the reader to 11 .
w x  .LEMMA 2 11 . i If k is an infinite field, then each symmetric group has a
generic Galois extension o¨er k.
 .ii Let k be an algebraic number field and let G be a finite group. For
distinct primes p , . . . , p of k, assume L rk are Galois extensions for1 N p pi i
 .which there is an embedding Gal L rk : G. If the group G has a genericp pi i
Galois extension o¨er k, then there exists a G-Galois extension Lrk ha¨ing the
L as completions.p i
 . w xRemark. The conclusion of Lemma 2 ii is proved in 12 in the case
 .G s S and the groups Gal L rk account for each Sylow subgroup ofn p pi i
S . This is shown by combining Krasner's lemma with a careful analysis ofn
Sylow subgroups of S as permutation groups.n
According to Lemmas 1 and 2, in showing k-admissibility of S our taskn
is to realize each Sylow p-subgroup, or larger, of S as a Galois group overn
two completions k , where the p may depend on p. If p s 2, 3, or 5, thep ii
Sylow p-subgroups of S , S , etc., need not be metacyclic. According to12 13
ramification theory, the primes p of k must then be chosen to be divisorsi
of p. In many instances the following structural results on profinite Galois
groups can be used fairly directly. The most basic is due to Shafarevich:
w xLEMMA 3 13 . Let k be a finite extension of the p-adic field Q whichp
w xcontains no primiti¨ e pth root of unity. If k : Q s d then the Galois groupp
of the maximal p-extension of k is isomorphic to the free pro-p group on d q 1
generators.
GIRNIUS AND LIEDAHL360
If k is an extension of Q and k contains a nontrivial group of p-powerp
roots of unity, we let q denote the order of this group. The following
analogues of Lemma 3, due to Demushkin, Labute, and Serre, treat the
y1 y1 w xcase q ) 1. In Lemma 4 the commutator a b ab is denoted a, b .
w x w xLEMMA 4 7 . Assume k : Q s d and q ) 1. Then the Galois group ofp
the maximal p-extension of k is a pro-p group defined by d q 2 generators
x , x , . . . , x and one of the following relations,1 2 dq2
q w x w x w xi q ) 2: x x , x x , x ??? x , x s 1 . 1 1 2 3 4 dq1 dq2
2 4 w x w x w xii q s 2, d odd: x x x , x x , x ??? x , x s 1 . 1 2 2 3 4 5 dq1 dq2
f2q2 w x w x w xx x , x x , x ??? x , x s 1, or1 1 2 3 4 dq1 dq2iii q s 2, d e¨en: . f2 2 w x w x w xx x , x x x , x ??? x , x s 1,1 1 2 3 3 4 dq1 dq2
where f G 2.
 .Remark. The relation in iii and the value of f are chosen according to
w x7, p. 132 . In our applications we will allow for either relation.
We conclude this section with a special case of a theorem of Jannsen
and Wingberg.
w xLEMMA 5 6 . The absolute Galois group G of Q is isomorphic to a3 3
profinite group generated by elements s , t , x, y, where x, y generate a normal
pro-3 subgroup, and these elements satisfy the defining relations
stsy1 s t 3 ,
2 2s t4p r2 s t qt2 23 2 2 2s 4 2 3 t 4 42x s x t x t y y , y y , t y , t , s t . .  4  4 42 2 2 2
Ã Ã p 2 p 2Here p is the element of Z such that p Z s Z , s s s , and t s t .p p p 2 2
b y1 w x y1 y1  4  4 2 b b. 2 .p 3 r2Also, a s bab , a, b s aba b , and a, b s a b a b for a
suitably defined function b.
U  i. 2y i  .Remark. The function b : G ª Z satisfies b t s 2 and b s s3 3
w x1. Refer to 6, pp. 74]76 , noting typographical errors in the description of
s w  .xx in 6, p. 76, a .0
3. SYLOW SUBGROUPS OF S12
We begin with the problem of realizing the Sylow 3-subgroup, or larger,
w xof S as a Galois group over each finite extension of Q . By 3 , a Sylow12 3
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 .3-subgroup of S is isomorphic to C X C = C , where C X C denotes12 3 3 3 3 3
the semidirect product of C acting on the product C 3 by cyclic permuta-3 3
tion.
THEOREM 6. Let k be a finite extension of Q and let H be a Sylow3
3-subgroup of S . Then H occurs as a Galois group o¨er k if and only if12
w x < <k : Q G 2. In the case k s Q , there is a subgroup of S of order 2 H3 3 12
which occurs as a Galois group o¨er k.
w xProof. Let d s k : Q and assume H occurs as a Galois group over k.3
As H is three-generated, Lemma 3 implies d G 2. For the converse,
assume d G 2. If k contains no primitive third root of unity then H occurs
as a Galois group over k by Lemma 3. Therefore we may assume q G 3. In
this case, the defining relation
q w x w x w x1 s x x , x x , x ??? x , x1 1 2 3 4 dq1 dq2
 .of Lemma 4 i is easily seen to be satisfied by taking x as a generator of1
the C direct factor of H, and by taking x and x to be generators of the3 2 3
C terms in C X C . In addition we set x s 1 for i ) 3.3 3 3 i
For the second statement, let G be the subgroup of S generated by12
the permutations
s s 10, 11, 12 .
x s 1, 2, 3 .
y s 1, 4, 7 2, 5, 8 3, 6, 9 .  .  .
t s 1, 2 4, 5 7, 8 . .  .  .
The subgroup generated by s , x, and y is a Sylow subgroup of S and has12
index 2 in G. In the notation of Lemma 5, we claim
stsy1 s t 3 ,
and
2 2s t4p r2 s t qt2 23 2 2 2s 4 2 3 t 4 42x s x t x t y y , y y , t y , t , s t . .  4  4 42 2 2 2
The first relation is immediate. For the second, observe that x s s x. Then
p r2 p r23 34 2 3 2x t x t y s x s x .  .
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as x has order 3. Next we note that t s t and s s 1. Therefore2 2
2 2s t4 s t qt2 2 2 2 2t 4 42y , y y , t y , t , s t 4  4 42 2 2 2
t 2 tw x 4  4s y , y y , 1 y , 1 , t s y , yy s 1, 4
so that the second relation is satisfied. It follows from Lemma 5 that the
group G occurs as a Galois group over Q .3
Next we consider the occurrence of Sylow 2-subgroups, or larger, of S12
as Galois groups over 2-adic fields. A Sylow 2-subgroup of S is isomor-12
 . . w xphic to C X C X C = D by 3 .2 2 2 8
THEOREM 7. Let k be a finite extension of Q and let H be a Sylow2
2-subgroup of S . Then H occurs as a Galois group o¨er k if and only if12
w x w xk : Q G 3. In the case k : Q F 2, there is a subgroup of S of order2 2 12
’< <  .3 H which occurs as a Galois group o¨er k if and only if k / Q y 3 .2
w xProof. We begin with the first statement. Let d s k : Q and assume2
H occurs as a Galois group over k. As H is a five-generator group, Lemma
4 implies d G 3. Conversely, assume d G 3. Let x , x be involutions2 4
which generate D , let x , x , x be generators of each C term in8 1 3 5 2
 .C X C X C , and let x s 1 for i ) 5. Then each relation in Lemma 4 is2 2 2 i
easily seen to be satisfied.
Our proof of the second statement is involved, and requires a series of
lemmas. We assume k is a finite extension of Q such that d F 2 and2
4 4’ .  .  .k / Q y 3 . Let f X s X q 4 X y 2 and g X s X q 2 X q 2, and2
  .  .4let K be the splitting field of the set f X , g X over k. The desired
Äextension of k will be obtained by embedding K in a field L such that
Ä Ä Ä . w x < <Lrk is Galois with Gal Lrk : S and L : k s 3 H .12
 .  .LEMMA 8. The splitting fields of f X and g X o¨er Q are distinct, and2
ha¨e Galois group S .4
 .Proof. As an Eisenstein polynomial over Q , f X is irreducible. The2
 . 3 w xresolvent cubic r X s X q 8 X y 16 5, p. 261 has no root in Z , sof 2
  . . 8 .Gal f X rQ s A or S . The discriminant d s d equals 2 y35 ,2 4 4 f r
  . .which is not a square in Q . Therefore Gal f X rQ s S .2 2 4
 .Similarly, the polynomial g X is Eisenstein over Q . It has resolvent2
 . 3cubic r X s X y 8 X y 4, which is irreducible. The discriminant d sg g
4 .d equals 2 101 , which is not a square in Q . As before, we conclude thatr 2
  . .Gal g X rQ s S .2 4
 .  .  .Let a and b denote roots of f X and g X , respectively. As f X and
 . w x  2 34g X are Eisenstein, we have by 14, 3-3-2 that the sets 1, a , a , a and
 2 341, b , b , b form integral bases of the respective rings of integers of
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 .  .Q a and Q b . The discriminants of these bases, given above, fail to2 2
 .  .differ by the square of a unit in Q ; therefore the fields Q a and Q b2 2 2
 .  .are not conjugate. It follows that the splitting fields of f X and g X are
distinct.
Note. We express our thanks to Walter Feit for suggesting the polyno-
 .  .mials f X and g X and their properties.
LEMMA 9. Assume k is a finite extension of Q . There exists an S -exten-2 3
sion of k if and only if k contains no primiti¨ e third root of unity. If an
S -extension of k exists then it is unique.3
Proof. Assume m ­ k. If p is a prime of k then the polynomial3
X 3 y p has Galois group S over k. Conversely, assume Lrk is an3
w xS -extension. Then L contains a field K such that K : k s 3 and Krk is3
w xtotally and tamely ramified. By 14, 3-4-3 there is a prime p of k such that
K is obtained by adjoining a root of X 3 y p to k. Then m ­ k according3
to the fact that Krk is not Galois. In addition, K is unique up to
U U 3 .conjugacy as k r k is cyclic of order 3 with p as a generator.
Now we are prepared to describe the Galois group of KrQ , where K is2
  .  .4 2the splitting field of f X , g X . We let K denote the direct product of4
two copies of the Klein 4-group. There is a natural action of S on K , and3 4
diagonally on K 2. We use K 2 i S to denote the resulting semidirect4 4 3
product.
LEMMA 10. The Galois group of KrQ is isomorphic to K 2 i S .2 4 3
Proof. Let FrQ denote the S -extension of Lemma 9. From S rK (2 3 4 4
 .  .S , the splitting fields of f X and g X each contain F. But their3
intersection cannot have degree 12 over Q as this would imply S2 4
contains a normal subgroup of order 2. By Lemma 8 we conclude that
w x 5  . 2  .K : Q s 2 3. We now have Gal KrF ( K , and S ( Gal FrQ acts2 4 3 2
on K 2 in the manner described above, and the group extension4
1 ª K 2 ª Gal KrQ ª S ª 1 .4 2 3
is clearly a split extension. By restricting to Sylow subgroups, it is easy to
2 2 . .see that H S , K is in fact trivial. This proves the lemma.3 4
For the next step we construct a wreath product of K by S as follows.4 3
 . .  .If we compose permutations according to 1, 2, 3 1, 2 s 2, 3 , then there
3  .1, 2, 3.  .is a right action of S on K given by x, y, z s z, x, y and3 4
 .1, 2.  .x, y, z s y, x, z . The resulting semidirect product is referred to as
the wreath product, and is denoted K X S . Each element of K X S is4 3 4 3
 . 6  3.uniquely expressible as a pair ¨ , s , where ¨ g C ( K and s g S . In2 4 3
 . .  s .K X S we have the multiplication rule u, s ¨ , t s u¨ , st .4 3
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 2 .LEMMA 11. There is an isomorphism K X S ( K i S = K .4 3 4 3 4
Proof. Let K be the subgroup of K X S generated by the elements4 3
1, 0, 1, 0, 1, 0 , e . .
0, 1, 0, 1, 0, 1 , e , . .
where e is the identity in S . Let H be the subgroup of K X S generated3 4 3
by the elements
0, 1, 2, 3 . .
0, 1, 2 . .
a s 0, 0, 1, 0, 1, 0 , e . .
b s 1, 0, 0, 0, 1, 0 , e . .
c s 0, 0, 0, 1, 0, 1 , e . .
d s 0, 1, 0, 0, 0, 1 , e , . .
where 0 is the identity of C 6. A routine verification shows that K ( K ,2 4
2H ( K i S , and K X S s H = K.4 3 4 3
LEMMA 12. The commutator quotient of K 2 i S is cyclic of order 2.4 3
Proof. In the group H ( K 2 i S of Lemma 11, we have K 2 : H X4 3 4
according to
y1 y10, 1, 2, 3 b 0, 1, 2, 3 b s a .  . .  .
y1 y10, 1, 3 a 0, 1, 3 a s b .  . .  .
y1 y10, 1, 2, 3 d 0, 1, 2, 3 d s c .  . .  .
y1 y10, 1, 3 c 0, 1, 3 c s d. .  . .  .
 . . . .  . w X xAlso, 1, 3 1, 2 1, 3 1, 2 s 1, 2, 3 , which shows that H : H F 2. But
  .. X0, 1, 2 f H , as otherwise the multiplication rule given for K X S4 3
X X . w xwould imply 1, 2 g S , which is false. Therefore H : H s 2.3
We return to the extension KrQ , where K is the splitting field of2
  .  .4f X , g X .
LEMMA 13. There is an embedding of K in an extension LrQ such that2
 .LrQ is Galois and Gal LrQ ( K X S .2 2 4 3
Proof. It follows from Lemmas 10 and 12 that K contains a unique
quadratic subfield. Denoting this field by K X, the proofs of Lemmas 9 and
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10 show that K X is generated by a primitive third root of unity; therefore
X ’ ’ ’ ’ ’ .  .  .K s Q y 3 . Let L s K y 1 , 2 . According to Q y 1 , 2 l K2 2
 .  2 .s Q , we have Gal LrQ ( K i S = K , which, by Lemma 11,2 2 4 3 4
completes the proof.
The following lemma is well known, but we sketch a proof for the
reader's convenience.
 .LEMMA 14. Assume char F / 2, and assume KrF is a Galois extension
 .with Gal KrF ( K . Then K may be embedded in a D -extension ErF if4 8
U’ ’ .and only if K may be expressed as F a , b , where a, b g F and ab is a
’ .norm from F a to F.
’ ’ ’ .  .Proof. Assume K s F a , b with N x q y a s ab, x, y g F. Let
’ ’ w  . x’ ’a s x q y a and b s x y y a . Then F a : F s 4, and the conju-
 .gates of a over F are "a , " b. Let E s F a , b . Then E is the splitting
4 2  .  .field over F of T y 2 xT q ab, so Gal ErF : S . But b f F a and4
2  . w x  .b g F a , so E : F s 8, which implies Gal ErF ( D .8
For the converse, we regard D as the group generated by elements s , t8
4 2 y1 y1 ’ .subject to s s t s 1 and tst s s . If F a is the fixed field of
2 ’ ’ ’ :  . w  . xt ,s and F b is the fixed field of s , then F a , b : F s 4 and ab
’ .is a norm from F a to F. We omit the details.
The field L is a composite of three K -extensions of F, where F is the4
unique S -extension of Q . Denote these extensions by K , K , K . In3 2 1 2 3
w xaddition F contains three subfields F , F , and F for which F : Q s 3.1 2 3 i 2
In particular, let K be the fixed field of the subgroup of K X S1 4 3
generated by the elements
0, 0, 1, 0, 0, 0 , e . .
0, 0, 0, 1, 0, 0 , e . .
0, 0, 0, 0, 1, 0 , e . .
0, 0, 0, 0, 0, 1 , e . . .
 3 .Let F be the fixed field of the subgroups of K X S generated by K , e1 4 3 4
  ..   ..   ..and 0, 2, 3 . For s s 0, 1, 2 and t s 0, 1, 3 we let
K s K s , F s F s2 1 2 1
K s Kt , F s Ft .3 1 3 1
The next lemma shows that the extensions K rF are definable over F .i i
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 .LEMMA 15. For i s 1, 2, 3, we ha¨e K s F a , b , where a , b g F .’ ’i i i i i i
’ ’ .Proof. By conjugating, it is enough to prove K s F a , b , with1
a, b g FU. This is equivalent to the existence of a normal subgroup N of1
 .  . 3  .Gal LrF such that Gal LrF rN ( K and N l K s Gal LrK . The1 1 4 4 1
 .  .   ..subgroup N of Gal LrF generated by Gal LrK and 0, 2, 3 has1 1
these properties.
 .As with our definition of the group K X S s Gal LrQ , the right4 3 2
action of S on the Cartesian product D3 defines a wreath product3 8
D X S . We observe that D X S contains a Sylow 2-subgroup H of S8 3 8 3 12
< < < <and D X S s 3 H .8 3
Proof of Theorem 7. It remains to prove the second statement in the
theorem. First, let k s Q and consider the extension LrQ constructed2 2
U’ ’ .above. We have K s F a , b , with a, b g F , by Lemma 15. We claim1 1’ .that ab is a norm from F a to F; equivalently, that the quaternion
 . w xalgebra a, ab is split by F. As F : F s 2, this is a consequence ofF 11
local class field theory. We conclude from Lemma 14 that there is an
embedding of K rF in a D -extension L rF. Then L has two other1 8 1 1
Äconjugate fields over Q of the form L = K and L = K . Let L be the2 2 2 3 3
Ä 3w xcomposite of the L . We prove the lemma by showing that L : F s 8 .i
First, we observe that L l L s F. This is clear as L l L is normal1 2 1 2
w x 2over F, which implies L l L : K l K s F. Therefore L L : F s 8 .1 2 1 2 1 2
Similarly L L l L is normal over F, which implies L L l L : K K1 2 3 1 2 3 1 2
l K s F, as desired.3 ’w x  .Next we assume k : Q s 2 and k / Q y 3 . The field K s splitting2 2’  .  .4  .field of f X , g X over Q has Q y 3 as its unique quadratic2 2
 . 2subfield; therefore Kkrk is Galois and Gal Kkrk ( K i S . The square4 3
U  U .2class group k r k has order 16; therefore we may choose a K -exten-4
 .sion Erk such that K l E s k. Then Gal EKrk ( K X S by Lemma4 3
11. Exactly as before, EK can be embedded in a D X S -extension of k.8 3
< <Finally, we claim there is no subgroup of S of order 3 H which occurs12
’ .as a Galois group over k s Q y 3 . Let G be any subgroup of S of2 !2
< <order 3 H . As the Sylow 2-subgroups of S are self-normalizing, the12
Sylow theorems imply G contains precisely three Sylow 2-subgroups. The
transitive action of G on these subgroups by conjugation induces a
surjective map from G to S . But there is no S -extension of k by Lem-3 3
ma 9.
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4. SYLOW SUBGROUPS OF S AND S14 15
In this section we realize Sylow p-subgroups, or larger, of S and S as14 15
local Galois groups, where p s 2, 3 or 5. Let H denote a Sylow 2-sub-
group of S . Therefore a Sylow 2-subgroup of S is isomorphic to12 14
H = C .2
THEOREM 16. Let k be a finite extension of Q and let H = C be a2 2
Sylow 2-subgroup of S . Then H = C occurs as a Galois group o¨er k if and14 2
w x w xonly if k : Q G 4. In the case k : Q F 3, there is a subgroup of S of2 2 14
< <order 3 H = C which occurs as a Galois group o¨er k if and only if2
’ .k / Q , Q y 3 .2 2
Proof. If k is a finite extension of Q and H = C occurs as a Galois2 2
w x w xgroup over k, then k : Q G 4 by Lemma 4. Conversely, if k : Q G 42 2
then H occurs as a Galois group over k by Theorem 7. The commutator
5  .quotient of H is isomorphic to C . Therefore if Gal Lrk ( H then L2
contains 25 y 1 quadratic extensions of k. But k has at least 26 y 1
quadratic extensions. We may choose one which is independent from L;
therefore H = C occurs as a Galois group over k.2
< < < <Next assume H = C : G and G s 3 H = C . Then G does not occur2 2
as a Galois group over Q as otherwise the fixed field of H = C has2 2
degree 3 over Q , which contradicts Lemma 4.2 ’w x  .Suppose k : Q s 2 and k / Q y 3 . According to the proof of2 2
ÄTheorem 7, let Lrk be a Galois extension with Galois group D X S .8 3
ÄThen Lrk contains 7 quadratic subextensions. There are 15 quadratic
Äextensions of k. Therefore we may choose one which is disjoint from L
 .over k, so that D X S = C occurs as a Galois group over k. On the8 3 2
< < < <other hand, if G satisfies H = C : G : S and G s 3 H = C , then G2 14 2
’ .cannot occur as a Galois group over Q y 3 . Any such group G has S2 3’ .as a quotient, and there is no S -extension of Q y 3 by Lemma 9.3 2
w xAssume k : Q s 3 and krQ is unramified. From Theorem 7 we have2 2
Ä Ã Ã .  .Gal LrQ ( D X S and L l k s Q . Therefore Gal Lkrk ( D X S .2 8 3 2 8 3
 .As in the quadratic case, D X S = C occurs as a Galois group over k.8 3 2
w xFor the case k : Q s 3 with krQ ramified, we modify the method2 2
used to realize D X S as a Galois group over Q . We have seen8 3 2
 .k s Q p , where p is a prime of k which satisfies the polynomial2
3 4 2 4 .  .X y 2. Let f X s X q p X y p and g X s X q p X q p .
 .  .LEMMA 17. The splitting fields of f X and g X o¨er k are distinct, and
ha¨e Galois group S .4
GIRNIUS AND LIEDAHL368
 .Proof. The polynomial f X is Eisenstein over k, hence irreducible. Its
 . 3 7 4resolvent cubic r X equals X q p X y p , which has no root in k.f
  . .Therefore Gal f X rk s A or S . The discriminants d s d equal4 4 f r
8 19 . 19p yp y 27 . Let a s yp y 27, which is a unit in k. Every unit in k
is uniquely expressible in the form
2 3  41 q a p q a p q a p q ??? , a g 0, 1 .1 2 3 i
6  .Accordingly we have a s 1 q p q higher terms . Setting
22 3a s 1 q a p q a p q a p q ??? .1 2 3
and comparing coefficients, we see that a and, therefore, d are non-f
  . .squares in k. This implies Gal f X rk s S .4
 .  .The polynomial g X is handled similarly. It has resolvent cubic r Xg
3 7 2 4 23 . 23s X y p X y p and discriminant d s p p y 27 . Again p y 27g
6  .s 1 q p q higher terms , which is not a square in k. We conclude that
  . .Gal g X rk s S .4
 .Finally, comparing d with d shows that the splitting fields of f X andf g
 .g X over k are distinct.
Proof of Theorem 16. Assume krQ is ramified of degree 3. Let K be2
  .  .4the splitting field of f X , g X over k. Then K contains the unique
 . 2S -extension of k by Lemma 9. Now Gal Krk ( K i S and K embeds3 4 3
Ä Ä .in a Galois extension Lrk with Gal Lrk ( D X S . We choose a8 3
Äquadratic extension of k which is disjoint from L and the theorem is
proved.
 .Let H be a Sylow 3-subgroup of S . Then H ( C X C = C = C .15 3 3 3 3
THEOREM 18. Let k be a finite extension of Q and let H be a Sylow3
3-subgroup of S . Then H occurs as a Galois group o¨er k if and only if15 ’w x  .k : Q G 3 or k s Q y 3 . The group S contains subgroups of orders3 3 15
< < < <4 H and 2 H which occur as Galois groups o¨er Q and o¨er the quadratic3
extensions of Q , respecti¨ ely.3
w xProof. If k : Q G 3 and m ­ k, then H occurs as a Galois group3 3
over k by Lemma 3. If krQ is any finite extension such that m : k then,3 3
if one lets x , x , x , x denote generators of the C terms above, the2 4 1 3 3
 .relation in Lemma 4 i is satisfied, so H occurs as a Galois group over k.
w xAssume H occurs as a Galois group over k. If m ­ k then k : Q G 3 by3 3
’ .Lemma 3. If m : k then Q y 3 : k.3 3
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For the second assertion, let k s Q . Let G be the subgroup of S3 1 15
generated by the permutations
s s 1, 4 2, 5 3, 6 .  .  .
t s 1, 2 4, 5 .  .
y s 1, 2, 3 , .
s  . t y1and note that y s 4, 5, 6 and y s y . Let G be the subgroup of S2 15
 .generated by 7, 8, 9 and the product
7, 10, 13 8, 11, 14 9, 12, 15 . .  .  .
< < < <Then G ( C X C and G = G s 4 H . In the notation of Lemma 52 3 3 1 2
y1 3  4 2 .p 3 r2 3we have sts s t s t . Then, taking x s 1, we have x t x t y s 1
and
2 2s t4p r2 s t qt2 23 2 2 2s 4 2 3 t 4 42x s x t x t y y , y y , t y , t , s t .  4  4 42 2 2 2
st sq1 4  4s y , y y , 1 y , 1 , st 4
sq1st  4s y , yy y , st
 . .sq1 p r23st 4 b st .s y , yy y y . .
 s :The second term in this commutator lies in the abelian group y, y ;
hence the commutator equals 1. By Lemma 5 there is a Galois extension
K rQ with Galois group G . Let K rQ be an extension with Galois1 3 1 2 3
group G , according to Lemma 3. Then K l K s Q . In fact, G has no2 1 2 3 1
  :.quotients of order 3 or 9, as a Sylow 2-subgroup e.g., s , t is not
X  s :normal, and the commutator group G equals y, y . This proves1
 . XGal K K rQ ( G = G , and the isomorphism G rG ( K proves the1 2 3 1 2 1 1 4
assertion for the three quadratic extensions of Q .3
Now let H denote a Sylow 5-subgroup of S . Thus H ( C 3.15 5
THEOREM 19. Let k be a finite extension of Q and let H be a Sylow5
5-subgroup of S . Then H occurs as a Galois group o¨er k if and only if15
w x < <k : Q G 2. There is a subgroup of S of order 2 H which occurs as a5 15
Galois group o¨er Q .5
w xProof. If H occurs as a Galois group over k then k : Q G 2 by5
w xLemma 3. Assume k : Q G 2. If k contains no primitive fifth root of5
unity then H occurs as a Galois group over k by Lemma 3. If k contains
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w xprimitive fifth roots of unity then k : Q G 4. Let x , x , x be generators5 1 2 3
of each C term in C 3 and all other x s 1. Then the relation of Lemma5 5 i
 .4 i is clearly satisfied. This proves the first statement.
For the second statement, we claim that the subgroup of S generated15
by
a s 1, 2, 3, 4, 5 .
b s 6, 7, 8, 9, 10 .
c s 11, 12, 13, 14, 15 .
d s 6, 11 7, 12 8, 13 9, 14 10, 15 .  .  .  .  .
 :occurs as a Galois group over Q . We note that H s a, b, c has index 25
and dbdy1 s c.
 .Let TrQ be the unramified quadratic extension, with Gal TrQ s5 5
 :  .s . Then T s Q z , where z is a root of unity of order 3. Let L rT be5 1
unramified of degree 5. Our claim is proved if we can exhibit a cyclic
5-extension L of T which is not Galois over Q . For then L has only2 5 2
one other conjugate field L over Q and the composite of the L has the3 5 i
desired Galois group over Q . By local class field theory, the existence of5
L is equivalent to the existence of a subgroup G of the multiplicative2
group TU such that TUrG ( C and G is not invariant under the action of5
 . 1.Gal TrQ . Let U denote the group of units of T which are congruent5 T
to 1 modulo 5. Reducing modulo 5, the classes of z and z 2 form a basis of
1.w xthe residue extension TrF . It follows from 4, p. 238 that U is a free5 T
multiplicative Z -module with basis u s 1 q 5z , u s 1 q 5z 2. Therefore5 1 2
we have a direct decomposition
U  :  Z5:  Z5:T s 5 = m = u = u .24 1 2
For G we take the subgroup of TU generated by 5, m , uZ5, and u5Z 5.24 1 2
U sThen T rG ( C and u s u f G, which proves the theorem.5 1 2
5. MAIN THEOREMS
We now let k denote an algebraic number field. For a given symmetric
group we will be especially interested in Sylow subgroups which are not
metacyclic. A group G is said to be metacyclic if it has a cyclic normal
subgroup N such that GrN is cyclic.
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THEOREM 20. The symmetric group S , equi¨ alently S , is k-admissible12 13
if and only if
 .i the prime 3 has at least two di¨ isors in k, and
 .ii the prime 2 has at least two di¨ isors p in k such that k /i p i’ .Q y 3 , i s 1, 2.2
Proof. Assume S is k-admissible. By Lemma 1 there is an S -exten-12 12
sion Lrk such that for two primes p of k the decomposition groupsi
 .  . Gal L rk contain a Sylow 3-subgroup of S . We have Syl S ( Cp p 12 3 12 3i i
. w xX C = C , which is not metacyclic. By 14, 3-5-4 , tamely ramified Galois3 3
extensions of local fields have metacyclic Galois groups. Therefore the
 .primes p are divisors of 3, which proves i . Similarly, there are twoi
 .primes p of k such that the decomposition groups Gal L rk contain ai p pi i
 .  . .Sylow 2-subgroup of S . We have H s Syl S ( C X C X C = D ,12 2 12 2 2 2 8
which is not metacyclic. Therefore the primes p are divisors of 2. Fori
w x < < < < wthese primes p we have L : k s H or 3 H by a theorem of Feit 12,i p pi i ’x  .Prop. 10.5 . According to Theorem 7 we have k / Q y 3 , i s 1, 2.p 2i
 .  .Conversely, assume k is a number field satisfying conditions i and ii .
< <We claim that for each prime p dividing S there are two primes p of k12 i
 .  .and Galois extensions L rk such that Syl S : Gal L rk : S .p p p 12 p p 12i i i i
For p s 2, 3 this follows from Theorems 6 and 7. A Sylow 5-subgroup of
S is isomorphic to C = C . Let p , p be distinct rational primes which12 5 5 1 2
 .split completely in the field k z of fifth roots of unity over k, and let p5 i
be divisors of p in k. Then for i s 1, 2, the composite of the unramifiedi
extension of degree 5 over k with the splitting field of x 5 y p has Galoisp ii
group C 2. Next let p be any two primes of k other than the above. If we5 i
choose the unramified extension L rk of degree 7 = 11, then the claimp pi i
is proved. By Lemma 2 there is an S -extension Lrk having the L as12 p i
completions. The k-admissibility of S follows from Lemma 1.12
 .  .If S is k-admissible, then the argument above shows that i and ii13
must be satisfied. For the converse, it is enough to replace the two
unramified extensions above with those of degree 7 = 11 = 13.
Of course S is not Q-admissible. However, using basic results on the12
splitting behavior of primes in quadratic extensions, Theorem 20 gives the
following:
’ .COROLLARY 21. Let k s Q d , where d is a square-free integer. Then
 .S , equi¨ alently S , is k-admissible if and only if d ' 1 mod 24 .12 13
In our final results we consider the groups S , S , and S .14 15 16
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THEOREM 22. The symmetric group S is k-admissible if and only if14
 .i the prime 3 has at least two di¨ isors in k, and
 .ii the prime 2 has at least two di¨ isors p in k such that k / Q ,i p 2i’ .Q y 3 , i s 1, 2.2
The symmetric group S is k-admissible if and only if , in addition to15
 .  .conditions i and ii , the prime 5 has at least two di¨ isors in k.
Proof. Assume S is k-admissible. A Sylow 3-subgroup of S is not14 14
w xmetacyclic, so Lemma 1 and 14, 3-5-4 imply that there are at least two
divisors of 3 in k. In addition, there are two primes p of k such thati
 .  . w x w xSyl S : Gal L rk : S . Again 12, Prop. 10.6 implies L : k s2 14 p p 14 p pi i i i
< < < <  .H = C or 3 H = C , where H s Syl S . Theorem 16 gives k /2 2 2 12 p i’ .Q , Q y 3 .2 2
 .  .Conversely, assume k is a number field satisfying conditions i and ii .
< <We claim that for each prime p dividing S there are two primes p of k14 i
 .  .and Galois extensions L rk such that Syl S : Gal L rk : S .p p p 14 p p 14i i i i
For p s 2, 3, this follows from Theorems 6 and 16. The primes 5, 7, 11,
and 13 may be treated as for S above. The k-admissibility of S follows13 14
from Lemmas 1 and 2.
 .  .If S is k-admissible then clearly conditions i and ii hold. A Sylow15
5-subgroup of S is isomorphic to C 3, which is not metacyclic. Therefore15 5
the prime 5 has at least two divisors in k.
 .  .Conversely, assume k satisfies i and ii , and k contains at least two
< <divisors of 5. We claim that for each prime p dividing S there are two15
 .primes p of k and Galois extensions L rk such that Syl S :i p p p 15i i
 .Gal L rk : S . This is proved for the primes p s 2, 7, 11, and 13 justp p 15i i
as for S , while for the primes p s 3 and p s 5 this follows from14
Theorems 18 and 19. Lemmas 1 and 2 imply that S is k-admissible.15
w x w xRemark. If S is k-admissible then k : Q G 4. If k : Q s 4, and R14
 .denotes the ring of integers of k, then condition ii of Theorem 22 is
equivalent to the existence of two prime divisors P , P of 2 in R such that1 2
2 R s P 2P 2. The same holds for S .1 2 15
w xLet us consider the following question raised in 12 . If k is a number
field, then does the k-admissibility of S imply that of S for all n - N?N n
w xThis was first answered negatively in 1 , where it is shown that for each
integer m G 13 there is a number field k such that S m is k-admissible2
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and S m is not. Here we present the minimal such example:2 y1
 .COROLLARY 23. i For n - N F 15, if S is k-admissible then S isN n
k-admissible.
’ .  .ii Let k s Q d , where d is a square-free integer satisfying d ' 1 or
 .49 mod 120 . Then S is k-admissible, but S and S are not.16 15 14
 . w xProof. Statement i follows by combining the results of 2, 9, 12 with
 . w xTheorems 20 and 22. For ii , it is shown in 2 that S is k-admissible if16
and only if the primes 2, 3, 5 each have at least two divisors in k. But S15
and S are not k-admissible by the preceding remark.14
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